BRIDGELAND'S STABILITY AND THE POSITIVE CONE OF THE MODULI 
SPACES OF STABLE OBJECTS ON AN ABELIAN SURFACE. 
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Abstract. We shall study the chamber structure of positive cone of the albanese fiber of the moduli spaces 
of stable objects on an abelian surface via the chamber structure of stability conditions. 
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O . 

CN . Let X be an abelian surface. A Mukai lattice of X consists of H 2 *(X, Z) := (B 2 =0 H 2l (X, Z) and an 

£^ \ integral bilinear form ( , ) on H 2 * (X, Z) : 

(x + xi + x 2 gx,Vo + V\ + ViQx) ■= (xi,yi) - x y 2 - x 2 yo e Z, 

where xi,yi £ H 2 (X,Z), xo,x 2 ,yo,y 2 € Z and gx £ H 4 (X, Z) is the fundamental class of X. We also 
CN ■ introduce the algebraic Mukai lattice as the pair of H*(X, Z) alg := Z©NS(X) ©Z and ( , ) on H*(X, Z) a i g . 

For x = xq + x\ + x 2 Qx with x<y,x 2 £ Z and X\ £ H 2 (X, Z), we also write x = (xo,X\,x<z)- We denote 
rin'i the category of coherent sheaves on X by Coh(W) and the bounded derived category of Coh(X) by D(X). 

For p £ NS(X)q and an ample divisor w £ Amp(X)q, Bridgeland [5] constructed a stability condition 
ap,u> = (St(/3,u),^,u))) on D P0- Here 21(0, w ) is a tilting of Coh(X), and Z(g, u ) : T>(X) -> C is a group 
| homomorphism called the stability function. In terms of the Mukai lattice (H* (X,Z) a i g , ( , )), Zrp >ul \ is 
given by 

Z (M (E) = {e l3 +^ I ",v(E)), EeD(I). 

Here v(E) := ch(E) is the Mukai vector of E. For abelian surfaces, these kind of stability conditions form 
a connected component Stab(W)* of the space of stability conditions up to the action of the universal cover 

GL + (2,]R) of GL+(2,K) as stated in [5] sect. 15]. If NS(X) = ZH, then Stab(X)*/GL + (2, E) is isomorphic 
£f) • to the upper half plane H. 

For v £ H*(X, Z) a i g , Mrp u \(v) denotes the moduli space of <rrp t u) -semi-stable objects E with v(E) = v. 
If (/3,w) is general, we showed that M^ iU \(v) is a projective scheme [T5J Thm. 0.0.2]. If v is primitive 
\& . and (v 2 ) > 6, then as a Bogomolov factor, we have an irreducible symplectic manifold Krp jU: \{v) which is 
deformation equivalent to the generalized Kummer variety constructed by Beauville [3]. For a parameter 
((3, to) = (f3,tH) (t ^> 0) called the large volume limit, M(p tt jj)(v) coincides with the moduli space of stable 
sheaves Mh(v). As is well-known, Fourier- Mukai transforms do not preserve Gieseker's stability. On the 
other hand, any Fouricr-Mukai transform preserves the Bridgcland's stability. Thus Bridgcland's stability is 
a right notion for the study of stable sheaves at least on abelian surfaces. 
5^ , In [151 sect. 4.3], we relate the ample cone of Krp !U ,\(v) to a chamber of the parameter space. In particular, 

we get a description of the ample cone of Kjj(v), where Kh(v) is the Bogomolov factor of Mh(v). The 
main purpose of this note is to refine the correspondence. For a Mukai vector v £ H*(X,Z) a i s , we shall 
construct a map from our space of stability conditions NS(X)r x Amp(A)R to the positive cone P + (w j -)r 
of it 1 . This map is surjective up to the action of R>o on (Proposition 13.1 . More precisely, we 

slightly extend the map in order to treat the boundary of positive cone. We introduce the wall and chamber 
structures on these spaces and show that they correspond each other. By using these descriptions, we also 
study the movable cone of Krp >w ){v). As an application of our results, we give a characterization of Mh(v) 

to be birationally equivalent to Pic°(F) x Hilby where Y is an abelian surface (Proposition 13. 37]) . This 
result also follows from a characterization of the generalized Kummer variety by Markman and Mehrotra 
[12]. We also study the location of walls. If rkNS(X) > 2, we show that the stabilizer of v in the group 
of auto-equivalences is infinite. Hence if there is a wall, then we can generate infinitely many walls by the 
action of auto-equivalences. We also show that there is an example of X and v such that there is no wall, 
which implies that the ample cone of Kh(v) is the same as the positive cone and the autoequi valences act 
as automorphisms of Mh(v). 

The study of the movable cone is motivated by recent works [1] and [2]. They studied the movable 
cones of the moduli spaces for the projective plane and a Ki surface by analysing the chamber structure 
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of Bridgcland's stability. For an irreducible symplectic manifold, Markman [TU] studied the movable cone 
extensively. In particular, he obtained a numerical characterization of the movable cone. In this sense, our 
result (Theorem 14. 14p gives concrete examples of his results. 

Let us briefly explain the contents of this note. In section [I] we introduce some notations and recall 
known results on irreducible symplectic manifolds. In particular, we define our parameter space of stability 
condition and the wall for stability conditions. We also give a characterization of the walls in terms of Mukai 
lattice (Proposition II. 2[) . In section [2] we shall study the cohomological action of the autoequivalences of 
D(A), which will be used to study the set of walls. We first treat the case where rkNS(A) = 1. In this 
case, we can use the 2 by 2 matrices description of the cohomological action of the Fourier-Mukai transforms 
in [35]. We then describe the stabilizer group Stab(u) of a Mukai vector v. By using it, wc shall construct 
many auto-equivalences fixing v for all abelian surfaces. 

In section [HJ we relate our space of stability condition with the positive cone of the moduli spaces. We 
first construct a map from the space of stability conditions to the positive cone. Then we describe the nef 
cone of the moduli spaces. In subsection [331 we study the divisorial contractions of the moduli spaces. Then 
we get the description of movable cones (Theorem 13.291) . 

In section [4J as an example, we treat the case where NS(X) = ZH. In this case, the boundaries of 
P+(u- L ) R are spanned by two isotropic vectors v±. For a Mukai vector v = (r, <iff, a), we show that v± 
are not defined over Q if and only if ^(v 2 )/{H 2 ) <Q>. For the rank 1 case, this condition is equivalent 
to the existence of infinitely many walls [23]. According to Markman's solution [10] of the movable cone 
conjecture of Kawamata and Morrison ([7], |16j). we have infinitely many walls under this condition. By 
our correspondence of the space of stability conditions and the positive cone, we see that the accumulation 
points correspond to the two boundaries R>oi>± which are the accumulation points set of walls. Thus we get 
an exlanation of the existence of accumulation points in terms of the positive cone. For the general cases, if 
\J ( v2 ) I (H 2 ) & then we show that infinitely many Fourier-Mukai transforms preserve v as in the rank 1 
case. So there are infinitely many walls if there is a wall. However as in the case where rkNS(A) > 2, we 
have an abelian surface and a Mukai vector v such that there is no wall for v. In section [5] we shall explain 
how our result on the movable cone follows from Markman's general theory. 

Acknowledgement. The author would like to thank Eyal Markman very much for his explanation of his 
results in detail. 

1. Preliminaries 

1.1. Notations. For E G D(X x Y), we set 

$1-^0*0 :=B.p Y *{E(8)p*x(x)), x € D(X), 

where px,PY are projections from X x Y to X and Y respectively. The set of equivalences between D(A) 
and D(Y) is denoted by Eq(D(A), D(Y)). We set 

Eq (D(F),D(Z)) := {$^1 e Eq(D(Y),D(Z))|E e Coh(Y x Z), k e z} , 

S(Z) :=\jEq (T>(Y),-D(Z)), £ := \j£(Z) = \J Eq (D(Y), D(Z)). 

Y Z Y,Z 

Note that £ is a groupoid with respect to the composition of the equivalences. 

1.2. A parameter space of stability conditions. For an abelian surface X, 

Amp(A) = {x € NS(A) | (x 2 ) > 0, (x, h) > 0}, 

where h £ NS(JT) is an ample class of X. We set 

Amp(A) fe := {x £ NS(A) fe | (x 2 ) > 0, (x, h) > 0}, 

where k = Q,R. For a cone V C M. m , we set C(V) := (V \ {0})/M >0 . We fix a norm || || on K m . Then we 
have a bijection V \ {0} — > C{V) x R >0 by sending x € V \ {0} to {x/\\x\\, \\x\\). 
We set 

S := NS(A) R x C(Amp(A) R ) x R >0 , 

(1.1) _ 

£ := NS(A) R x C(Amp(A) R ) x R> . 

We have an identification 9) -> NS(A) K x Amp(A) R via (/3, H, t) M- (/3, tH). 

Definition 1.1 (cf. [UJ Defn. 1.8]). Let v be a Mukai vector. For a Mukai vector v\ satisfying 

(1.2) (vx,v - Vl ) > 0, (vj) > 0, ((v - Vl ) 2 ) > 0, 
we define the wall W Vl as 

(1.3) W V1 := {(p,H,t) e f) | mZ WttH) (vi) = RZ (l3 . tH) (v)}. 
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2U denotes the set of Mukai vectors v\ satisfying (|1.2[) . A chamber for stabilities is a connected component 
offi\U VieW W vl . 

As we explained in [23], (XSJ Prop. 4.2.2] implies that if (f3,H,t) G W Vl , there is a properly a(p tH ysemi- 
stablc object E with v (E) = v. In general, W Vl may be an empty set. We have the following characterization 
for the non-emptyness of the wall whose proof is given in subsection 13.21 



Proposition 1.2. Let Vi be a Mukai vector satisfying (|1.2|) . Then W Vl H -f) 7^ i/ and on/y «/ 
(1.4) («,« 1 ) 2 >(^)K)- 

Corollary 1.3. Let w be an isotropic Mukai vector. Lf (v 2 )/2 > (w,v) > 0, then w satisfies (| 1 . 2[) and 
W w H Sj is non-empty. Ln particular, if (w,v) =1,2 and (v 2 ) > 6, i/ien w satisfies (|1.2|) and Wu, n.f) 7^ 0. 

We set «i := (ri,£i,ai). Then the defining equation of W Vl is 

/ (t a\ i (0 2 )-t 2 (ff 2 ) rt «\ i (/3 2 )-t 2 (ff 2 )\ 

det ( Q ~ i^/ 3 ) + r 2 — Q i ~ \^P) + f i 2 — ] 
^ -(£-r/3,if) -(Ci-ruS.H) j 

+ - (6, - {rit-n-uH) ^'*^ = 0. 

Lemma 1.4. (1) If r\£ — r£i 7^ 0, i/ien W U1 does noi contain the hypersurface (£ — rf3,H) = 0. 
(2) 1/ n£ - r£i = 0, then W Vl is defined by (£ - r/3, H) = 0. 

Proof. (1) Assume that r*i£ — r£i 7^ 0. Then we can take i? G Amp(A)Q with — r£i,H) 7^ 0. We take 
/3 G NS(A) Q with (£ - r/3, H) = 0. Then we have (& - n/3, ff) 7^ 0. Since ^(^, tff ) (v) 7^ 0, (H3J) implies that 
((3, H, t) ^ W Vl . Since the hypersurface (£ — r/3, i7) = is irreducible, we get the claim. (2) If n£ — r£i = 0, 
then (|1.5p implies that 

(^■o-oi) fc-rP,H) = 0. 

Since vi £ Qv, W Vl is defined by (£ - r/3, ff) = 0. □ 

1.3. Facts on irreducible symplectic manifolds. For a smooth projective manifold M, Amp(Af)k C 
NS(M)fe denotes the ample cone of M and Nef (M) k C NS(M)k denotes the nef cone of numerically effective 
divisors on M, where k = Q, R. 

Definition 1.5. Let M be a smooth projective manifold. 

(1) (a) A divisor D on M is movable, if the base locus of |D| has codimension > 2. 

(b) Mov(M)fe C NS(A)fe (k = Q, R) denotes the cone generated by movable divisors and Mov(M) K 
the closure in NS(A)r. 

(2) For an irreducible symplectic manifold M, qM denotes the Bcauvillc-Fujiki form on H 2 (M, Z). Then 
the positive cone is defined as 

P+(M) k := {x G NS(A) fc I q M (x,x) > 0,q M (x,h) > 0} 

where k = Q, R and h is an ample divisor on M. We also set 

P+(M) k := {x G NS(A) fe I q u (x, x) > 0, q M (x, h) > 0}. 

Remark 1.6. By the definition, Mov(M)q = Mov(M) R n NS(M) Q . 



By using the results of Boucksom [5], Markman showed that Mov(M)q is contained in P+(M)q ( [T0l 
Lem. 6.22]). 

Definition 1.7. A Mukai vector v := (r, £, a) G H*(X, Z) a i g is positive, if (i) r > 0, or (ii) r = and £ is 
effective or (iii) r = £ = and a > 0. 

Definition 1.8. Assume that w is primitive and (v 2 ) > 6. 

(1) K(p^(v) denotes the fiber of the albanese map Mtp u \(v) —> Pic°(X) x X. 

(2) v ,f3,u ■ v 1 - — > H 2 (M^^(v),Z) — > i7 2 (A'( (3jtJ )(t;), Z) denotes the Mukai's homomorphism. If there 
is a universal family E on Mrp^ (v) , e.g., there is a Mukai vector with (v,w) = 1, then 

v ,pA x ) = ci(p M(f>uj) ( v )*(ch(E)p* x (x v ))) lKifj ^ {v) , 

where Px,Pm {i3 u) (v) are projections from X x M^^{v) to A and M(p^)( v ) respectively. 

Let Mh(v) be the moduli space of semi-stable sheaves E on X with v(E) = v. If w is primitive, then 
Kh(v) denotes a fiber of the albanese map Mh(v) — > Pic (A) x X . 

3 



Theorem 1.9 ([Ml Thm. 0.1], [13 Thm.3.3.3, Rem. 3.3.4]). Assume that (v 2 ) > 6. 

(1) K^p ^iv) is an irreducible symplectic manifold of dim Ktp tU1 \(v) = (v 2 ) — 2 which is deformation 
equivalent to the generalized Kummer variety constructed by Beauville [3] . 

(2) 9 V) >U1 : («-*-,( , )) (H 2 (K( !3 ^)(v),Z),q K(i3 ^( v )) is an isometry of Hodge structure. 

2. FOURIER-MUKAI TRANSFORMS ON ABELINA SURFACES. 

2.1. Cohomological Fourier-Mukai transforms. We collect some results on the Fourier-Mukai trans- 
forms on abelian surfaces X with rkNS(X) = 1. Let Hx be the ample generator of NS(X). We shall 
describe the action of Fourier-Mukai transforms on the cohomology lattices in [22] . For Y £ FM(X), we 
have (Hy) = (H x ). We set n := (H x )/2. In [551 sect. 6.4], we constructed an isomorphism of lattices 

l x : (H*(X,Z) ais , ( , )) (Sym 2 (Z,n),fl), (r,dH Xt a) ^ [J^ ^ , 
where Sym 2 (Z, n) is given by 



Sym 2 (Z,n) 



x y^/n 
yy/n z 



x 7 y,z e Z 



and the bilinear form B on Sym 2 (Z,ri) is given by 

B(Xi,X 2 ) := 2nyiy 2 - (xiza + zix 2 ) 

for Xi=( Xi r- Vi f^\ £ Sym 2 (Z,n) (i = 1,2). 



G := 



Each gives an isometry 

(2.1) l y o $f o l- 1 £ 0(Sym 2 (Z, »)), 

where 0(Sym 2 (Z,n)) is the isometry group of the lattice (Sym 2 (Z, n), B). Thus we have a map 

r,:£ -> 0(Sym 2 (Z,n)) 
which preserves the structures of multiplications. 
Definition 2.1. We set 

a, b,c,d,r,s £ Z, r, s > | 
rs = n, adr — fees = ±1 [ ' 

G := GnSL(2,M). 
We have a right action • of G on the lattice (Sym 2 (Z, n), B): 

< 2 - 2 > U f) ■'■-''{& d f)^- s - 

Thus we have an anti-homomorphism: 

a:G/{±l}^0(Sym 2 (n,Z)). 

Theorem 2.2 ([HJ Thm. 6.16, Prop. 6.19]). Let $ £ Eq (D(Y), D(X)) &e an equivalence. 

(1) «i := !)($(Oy)) and i> 2 := ^(gy) are positive isotropic Mukai vectors with (v\,v 2 ) = —1 and we 
can write 

v\ = (pln^mHY^ 2 ^), v 2 = {p\r 2 ,p 2 q 2 B Y ,q\r 1 ), 

(2.3) Pi,qi,P2,q2,ri,r 2 e Z, pi, ri, r 2 > 0, 

rir 2 = n, piq 2 ri - p 2 q x r 2 = 1. 

(2) We set 

(2.4) *(*):= ±(W!1 9l f)eG/{±l}. 

T/ien is uniquely determined by $ and we ftai/e a map 

(2.5) : £ G/{±1}. 



(3) The action o/#( ( f>) on Sym 2 (n,Z) is the action of <5> on Sym 2 (n,Z): 

(2.6) i X o = l y {v) ■ 0($). 
Thus we have the following commutative diagram: 

(2.7) £ . 



0(Sym 2 (n,Z)) 



G/{±1}- 

From now on, we identify the Mukai lattice H*{X, Z) a i g with Sym 2 (n, Z) via ix- Then for g £ G and 
u 6 fl"*(X,Z) a i g , u • g means (x(« ■ ff) = '-A'(w) ■ 9- 

For isotropic Mukai vector v = (a; 2 , ^Hx,y 2 ) = x 2 e *v^ H : y ■ g — (x! 2 , ^-^-Hx ,y' 2 ), where (x',y') = 

{x, y)g. 

We also need to treat the composition of a Fourier-Mukai transform and the dualizing functor T>x ■ For 
a Fourier-Mukai transform $ e Eq (D(X), D(Y)), we set 

8(<S>oVx):=(l M^eG^l}. 

Then the action of 6>($ o 2?x) on Sym 2 (Z, n) is the same as the action of $ o T>x- 



(2.8) 



2.2. A stabilizer subgroup. We keep the notation in subsection 12.11 In particular, we assume that 
rkNS(X) = !• Wc sha11 stud y thc stabilizer of ±v G H*(X, Z) a i g /{±1} in G. Assume that 

r x z\ f r 
y y w) \dy/n a 

and xw — yz = e. Then wc have 



dy/n\ fx y\ _ f r dy/n 
w J \dy/n a 



(2.9) 



Hence 



rx 2 + 2d\fnxz + az 2 = er, 

ry 2 + 2d\/nyw + aw 2 = ea, 

rxy + dy/nixw + zy) + azw = ed\fn, 

xw — yz = e. 



y(tx + 2d\pnz) + azw = rxy + 2d\fnzy + azw = 0. 

We set y := — Xaz and w := X(tx + 2d\Jnz). Then e = xw — yz = X(rx 2 + 2d\fnxz + az 2 ) = Xer. Hence 
A = 1/r. Therefore 



(2.10) 

Conversely for x, z with 
(2.11) 

we define y,w by (|2.10p . Then 
(2.12) 



a 

- — z, w 
r 



2dy/n-. 



rx 2 + 2d\fnxz + az 2 = er, 
are satisfied. We note that (|2.11j) is written as 



(x + dV^f) 2 - £(f) 



We set X := x + d^n~^ and Z := £ . Then 



(2.13) 
and 

(2.14) 

where 

(2.15) 

We have F 2 
(2.16) 



X - tz l 



x y 
z w 



X — d^/nZ —aZ \ 
rZ X + dy/riZ.) 



XI 2 + ZF, 



h ■= 



1 
1 



F := 



-dy/n —a \ 
r d\pn J 



IF. We set 



Stabo(u) :={g G G \ g(v) = (dctg)v} 
={g eG\g = XI 2 + ZF}. 



Stabo(w) is a normal subgroup of Stab(f) of index 2. Indeed for g G Stab(w), we have g(v) = rj(g) (det g)v 
and rj(gg') = r)(g)r)(g'), g,g' G Stab(u). Thus kcrr; = Stabo(u). We get a homomorphism 

<p: Stabo(«) -> R 
1 ' j l/ 2 + 2F i y x + zVl. 



Proposition 2.3. Assume that Vn£ $ Q. 

(1) For XI 2 + ZF £ Stabo(w), X + ZVI is an algebraic integer such that (X + Zy/I) 2 G Q(vrS). 

(2) im^ = ZffiZ 2 . 

(3) <y9 is injective or kerip = {y/I F} if \fl F G Stabo(u). In particular, if n = 1 and I > 1, £/ien </? 
is injective. 

Proof. We set a := X+Z\i. Assume that XI2+ZF G G. Then x 2 , y 2 , xw, yz, xy/y/n, xzj \fn, ywj ' \fn, zw/y/n, G 
Z. Hence 

(2.18) 2(A 2 + d 2 nZ 2 ) = x 2 + w 2 , X 2 - d 2 nZ 2 = xw, r 2 ^£ = r^= + dz 2 G Z. 
which impy that 

(2.19) X 2 + iY 2 ,— GQ. 
We note that a satisfies the equation 

(2.20) a 2 -2Xa + e = 0. 

Since 2X = x + w is an algebraic integer, a is an algebraic integer. By (|2.19|) . 

a 2 = (X 2 + IZ 2 ) + 2—=yfnl G Q(Vn2). 
V n 

Thus (1) holds. 

(2) We first prove that im^ ^ {±1}- We take a solution (p, q) G Z® 2 of p 2 — n£q 2 = 1 such that q 7^ 0. 
We set X := p and Z := q^Jn. Then 



(2.21) XI 2 + ZF = 



p — dnq —aq^fn 
rq^fn p + dnq 



satisfies all the requirements. Therefore imip ^ {±1}- By the Dirichlet unit theorem, the torsion part of 
imiyS is {±1}. Since a 2 is a unit of the ring of integers of Q(Vn£), the rank of imip is 1, which implies the 
claim. 

If a = X + ZVI = 1, then a 2 = 1 implies that XZ = 0. If Y = 0, then X = 1. If X = 0, then Zy/I = 1. 
Therefore the first part of the claims holds. 
Assume that n = 1 and I > 1. Then 

1 p _ J_ (-dypri -a \ 

Hence £ | a 2 ,£ \ r 2 ,£ \ d 2 n. Since v is primitive, a 2 ,r 2 ,d 2 are relatively prime. Hence £ | n, which is a 
contradiction. Therefore the second part also holds. □ 

We set 



(2.22) Stab («)* ■= { [ X V ) G Stabo(i)) 



xw — yz = 1 , y G 



All elements of Stabo(w)* comes from autoequivalences of D(A) (see Lemma [2~5l below') . Stabo(w)/ Stabo(w)* 
is a finite group of type (Z/2Z)® fc . 
If 

(2.23) A := V \ G Stab(«) \ Stab (u), 

then 

(2 24) H az + 2d V^ x ) 

In particular, A 2 = ±12. 



Example 2.4. Assume that n = 1. Then XI 2 + ZF G GL(2, Z) = G if and only if A ± dZ, aZ, rZ G Z. 

If 2 | r and 2 | a, then 2\d. Hence £ = d 2 - ra = 1 mod 4. Then O := Z[ 1+ ^ ] is the ring of integers. 
Since X ± = X — Z mod 2, fundamental unit of D is the generator of im (p. 

2.3. The case where rkNS(A) > 2. Assume that rkNS(A) > 2. Let v = (r,£,a) be a Mukai vector with 
(v 2 ) — 2i. By using Proposition 12.31 we shall construct many autoequivalences preserving v. Assume that 
£ G Amp(A) and set £ = (iff, where if is a primitive and ample divisor. Let L := Z © Zii © Zgx be a 
sublattice of ii*(A,Z) alg . 

Lemma 2.5. Lei «o = (p 2n ,PQH, q 2 ) be a primitive and isotropic Mukai vector with n = (H 2 )/2 and 
gcd(pn,q) = 1. 

(1) M H (v ) = X. 

(2) For an isotropic vector v\ G H*(X, Z) a i g with (vq,v\} = 1, there is a Fourier-Mukai transform 
$ : D(A) — > D(A) such that <&{—Qx) = vq and <5>{v(Ox)) = v\. Moreover we have the following. 

(a) 4> is unique up to the action of Aut(A) x Pic°(A) x 2Z ; where 2k G 2Z actios as the shift 
functor [2k] : D(A) ->• T>(X). 

(b) £ L, then we can take $ such that = L and &\l± is the identity. 

Proof. (1) We fix a stable sheaf E with v(E) = vo- Let P be the Poincare line bundle on X x Pic (A). Then 
we have a surjective homomorphism Pic (A) — > Mh(vq) by sending y G Pic (A) to E® P|xx{t,} G Mh(vo) 
(|17j). So we get an isomorphism Pic°(A)/E(-E) — > M^h(vq), where 

£(£) := {y £ Pic°(X) | £ ® P|jcx{„} = £}■ 

Let T x : X — >• A be the translation by x. For a divisor _D on A, : A — > Pic°(A) denotes the homomor- 
phism such that </>d(x) = T*O x (D) ® O x {-D). We set A(L>) := ker0 D . If (D 2 ) > 0, then <f) D is finite and 
K{D) = (Z/dZ)® 2 , where d := (D 2 )/2. For L> = pqH, [HI Thm. 7.11] implies that (f> pqH {X p 2 n ) = £(£), 
where A m denotes the set of m-torsion points of A, which is the kernel of m : A — > A the multiplication by 
m G Z >0 . Hence we have a morphism (f> : A — > Mh(vo) such that </>(x) = E®T*{Ox{pqH))®Ox{—pqH) and 
(/> induces an isomorphism A/(A p 2„ + K(pqH)) = M H (v a ). Since K(pqH) = (pq) _1 (A(ii)), n(K(H)) = 
and (pn, q) = 1, we have a sequence of isomorphisms 

X/(A p2 „ + K(pqH)) P A™ X/p 2 nK{pqH) = X/q~\Q) 4 A. 

Therefore Af ff (w ) = A. 

(2) By our assumption, we have a universal family E on A x Mh{vq). By (1), we have an isomorphism 
X x Mh(vq) — > A x A. Thus we may assume that E G Coh(A x A). Then we have an equivalence 
$ : D(A) -> D(A) such that $(C a ) = E, Xx{;c} [l] for iel. Since ( Vl ), ^ (v )) = 1, rk*- 1 ^) = 1. 
Let P2 ■ X x A — > X be the second projection. Replacing E by E<x>P2(L) (L e Pic(A)), we have 

= Thus the first claim holds. If $' : D(A) — > D(A) also satisfies the same properties, then 

= Qx and $ _1 $'(w(Ox)) = v{Ox)- Hence i s the Fourier-Mukai transform whose kernel 

is T ®pl{N)[2k], where N G Pic°(A) and T is the graph of g G Aut(A). Hence $'(£) = §{g*(E® N))[2k] 
(E G D(A)). 

(3) We take a complex _Ei G D(A) with w(£'i) = Ui. For a S'-flat coherent sheaf F on I x S with 
F|xx{s} € M H (v ) (s G S 1 ), we set £ F := detps, (F v (g) ^i). If we replace F by F ® then we have 
£p = Og. We set Ei := E ® P. Then by the identification A = Mh(vq) in the proof of (1), we have 

(1 x ^h)*(E! <g> ~(lx p 2 nq)*(E), 

where E is the universal family in (2). We set /3 := ^H. For G G D(A) with 

u(G) = re' 3 + agx + dH + D + (dH +D,0)g x , D E , 
Lemma 12.61 below implies that 

(p 2 qny(v($ x \ x (G))) =<j>; qH (v(Rp PicB{xh (Er g> G)) ® £^J 
(2-25) ^^(f^picocx)^®^))®^) 

=(p 2 gn)*(p 2 na + -dH + D)® <f>^ B (Jt%J. 

We take integers x, y with ypri — xq = ±1. Then we have v\ — (x 2 , xyH, y 2 n). Hence v\ = x 2 e@ ± -^{H + 
(H, (3) Qx ) + ^Qx- By (O, we have 

(p 2 qny(v(O x )) Hp\n)*{l + ^g x - —H) ® ^(C^) 
(2.26) PU 

= (p 2 q n)*{Ox(-^-H)) ® 



Therefore the claim holds. 

□ 

Let m : X x X — >• X be the addition map. Then 

m*(O x (pqH))®pl(O x (-pqH))®p* 2 (O x (-pqH))) = (1 x &,jr)*(P). 

We shall compute ($x^-Pic°(x)( w )) for w e #*(^, z )- 
Lemma 2.6. We set B := -3-H. For 

" pn 

u := re p + ag x + (dH + D) + (dH + D,B)q x , D G NS(X) Q n ^ , 

we have 

<f>* m H(*x\x(^u)) = (p 2 qn)*(p 2 na + ^g x - dH + D). 

Proof. Let ex,ea,e 3 ,e4 be a basis of Z) such that c\(H) = e\ A e 2 + n.e 3 A e 4 . In H*(X x X, Z) = 

H*(X, Z) ig) H*(X, Z), we identify <£> 1 with ei and denote 1 ® ej by Then 

ci (m* (Ox (#)) <8> Pi (Ox (-If)) ® Pa (Ox(-lO)) 

(2.27) =(ei + /i) A (e a + /a) + ri(e 3 + / 3 ) A (e 4 + U) - (ei A e 2 + ne 3 A e 4 ) - (/i A / 2 + n/ 3 A / 4 ) 
=d A / 2 + /i A e 2 + n(e 3 A / 4 + / 3 A e 4 ) =: 77. 

We denote the class by 77. Then we see that 

|f = - (e 3 A e 4 )* A (A A / 2 ) - ?i 2 ( ei A e 2 )* A (/ 3 A / 4 ) 
+ n((ea A e 4 )* A (/ 2 A / 4 ) + (d A e 4 )* A (/1 A / 4 ) 

(2.28) + (ea A e 3 )* A (/ a A / 3 ) + (ex A e 3 )* A (/1 A / 3 )), 

=n 2 {e l A e 2 A e 3 A e 4 ) A (A A / 2 A / 3 A / 4 ), 

where {(e, A e^)* | i, j} is the dual basis of {e^ A ej \ i,j} via the intersection pairing. We note that H^- is 
generated by 

ei A e 2 - ne 3 A e 4 , e 2 A e 4 , ex A e 3 , e 2 A e 3 , e% A e 3 . 

Then we see that 

( f > *pqH(^ X \pic"(X)( V oU)) 

=P2*(P*i(p 2 ne-^(re 13 + ag x + (dH + D + (dH + D, B)g x ))e pqri ) 
=p 2 *(p\(p 2 n(r + ag x + dH + D))e pqr >) 
=p 2 n 2 (pq) 2 (-dH + D) + p 2 na + p 6 n 3 q 4 rg x . 
Since (p 2 qn)*(xi) = (p 2 qn) 2t Xi for x l G H 2l (X, Q), we get the claim. □ 

By Lemma 12. 5[ every member of Stabo(u)* comes from an autoequivalcncc of D(X) and we have a 
homomorphism Stabo(u)* — > 0(if*(X,Z) a i g ). 

Lemma 2.7. For a Mukai vector v = (r, £, a), assume that (£ 2 ) > 0. We set £ := dH, where H is a 
primitive ample divisor and d G Z. If a/ (v 2 ) / (£ 2 ) ^ Q, then there is an autoequivalence <i> : T)(X) — > D(X) 
smc/i i/iai $ acts on L := Z Z_ff Zpx as aw isometry of infinite order and $(u) = t>. 

Proof. By the proof of Proposition 12.31 (2), Stabo(u)* contains an element g of infinite order. By Lemma 
I2.5[ we have a Fourier-Mukai transform $ : T>(X) —> T)(X) inducing the action of g on L. □ 

3. The space of stability conditions and the positive cone of the moduli spaces. 

3.1. A polarization of M^ tH ^(v). We shall explain a natural ample line bundle on the moduli space 
M(p t H\(v), which is introduced in [T5] and [2J. 

Let v = (r, £, a) be a Mukai vector with r 7^ 0. We set S := Then w = re" 5 + asg x . For /3 = <5 + sH + D 
with £> G NS(X) K n H- 1 -, we set 

(g-rftff) _ r(6-0,H) 
f31) (# 2 ) (# 2 ) ' 

/ fl \ ((/?-<5) 2 ) 



(2.29) 



Let 

(3.2) & := '~ L jf jL [ H +{H,1)q x ]- m [e^-^g x )e tf*(X,Z) alg , 

be a vector in jT5J sect. 4.3]. Then we have 

,2\_ffa_X\2\ /„,2 



dA =r ( '^-'f-^ + M) (if + (i, H)qx) - Hi - AH) (e» - ^) 
(3,, -r ^-W-')'» + ^)(H + W iO«) 

{8-hH)(ip-8+{p-8, 8)q x ) + (e 5 - y ex)) ■ 



By taking a norm on NS(X)r, we regard C(Amp(X) R ) as a subset of Amp(X) t 



Definition 3.1. For (P,H,t) £ NS(X) ffi x Amp(X) R x K> , we set 



(3.4) eOS, *) == - ( * {H ] ^ S) ] +^P)( H + ft - ^ - A ff) ( 
Lemma 3.2. 

(3.5) R >0 £(/3,if,t) =R > oIm(Z (p , tH) (v)- 1 eP+^ TtH ). 



e Qx 

r 



Proof. 
(3.6) 



Z(p,tH){v) =f 2 {H 2 ) + a + (f - r/3, t£r)V=T 

_ r ^-W-OT + ^) +K ,. ftuo ^ I . 



For the complex conjugate Z^ tH ^{v) of Z^ ttH ){v), we have 



(3-7) =r ( + ^ (tH + ft*, » ex) - r(S - tH) U - t^L 



\miZ mH) {v)e^^ tK ) 

2 2r 2 

Hence the claim holds. □ 

Remark 3.3. The expression of £((3,H,t) in Lemma [3.21 appeared in [2J. The difference of the sign comes 
from the difference of 9 V and Q v ,p,tH- 



Definition 3.4. For v = (0, £, a) = a^gx + + £>s + + Dp,f})g x ), we also set 

(3.8) 



=((£, /3) - a) (IT + (if, /3)ex) - & H) (V - 1 -^ Qx 



Then =M^(/W V K +V )■ 

We shall remark the behavior of if, i) under the Fourier-Mukai transforms. Let $ : D(X) — > D" 1 (Xi) 
be a twisted Fourier-Mukai transform such that $(rie 7 ) = —Qx, an( l ${qx) = —Tie'' , where ai is a 
representative of a suitable Braucr class. Then we can describe the cohomological Fourier-Mukai transform 

as 

$(re 7 + ag x + £+ (^j)gx) = —Qx-, -r x ae<' + + (LllexJ, 

r\ \r\\ 

where £ € NS(X) Q and £ := j^ci^ + (£, 7 )f?x)) € NS(Xi)q. 

Remark 3.5. By taking a locally free ai-twisted stable sheaf G with \{G, G) = 0, we have a notion of Mukai 
vector, thus, we have a map (Q3J Rem. 1.2.10]): 

« G :D ai (Xi)->fl*(Xi,Q) B i g . 

9 



For (/3,oj) G NS(A) K x Amp(A) R , we set 



(Q3- 7 ) 2 )-(^) 



ui :- 



a3-(/3- 7 ,u;)(/3-7) 



(3.9) 



/3:=y 



N ( ((^)-(^) ) +C 8_ 7iW)a 

1 (( ^ ) ; ) ' ( " 2) (^-7)-(/3-7,^ 

"H ( ((^)w ) 2 + (/ 3_ 7 ^)2 



Then (/3,w) G NS(Xi)r x Amp(X 1 ) R . 

By [15j sect. 5.1], we get the following commutative diagram: 



(3.10) 



D(X) *-D ai (Xi) 



where 



C = -n 



r 1 

(( 7 -/3) 2 )-( w 2 ) 



Proposition JU3. For (/3, if, t) G NS(A) R x Amp(X) R x R >0 , we have R> $(£(/3, H, t)) = »>o£(/3, H 1 ,t 1 ), 
where t\H\= tH. 



Proof. 



(3.11) 



-1 „P+y/~^TtH 



)) 



=M >0 Im(Z (/ , !tff) ( W )- 1 $(e^- /=Ttff )) 

=M > oIm(Z ( ^^ ) ($( U ))- 1 C- 1 Ce^ +V=TS ) 

=R >0 £(/3,ifi,fi). 



□ 



Remark 3.7. We have a commutative diagram 
(3.12) 



NS(if (i3iW) (^)^ r NS(ir«~ 2) ($(„))) 

where K% _A$(v)) is the Bogomolov factor of the moduli of 0,7, ~*-stable objects M°~^. ($(«))• Then we 
have 

R>o$*0W,c (£(/?', 0)) = R >o0 $w ,£ E (£(£', 

where iiifi = r^if'. 

3.2. Stability conditions and the positive cone. Assume that r ^ 0. We note that £(/3,H,t) G o^- if 
and only if £ — /3 G if . In this case, we have ((8 — /3) 2 ) < 0, which implies that 

{^)-{{p-5f) , (« 2 ) 



2r 2 



> 0. 



Therefore we get the following claim. 



Lemma 3.8. £(/3,H,t) G gj^ if and only if £(/3,H,t) = r(rj + (r],S)gx), V G Amp(J) R . Moreover 77 G 
Amp(X) R i/ and only if tH G Amp(X) R . 



Lemma 3.9. Assume that (/3 — 5, if) 7^ and set 



(3.13) 



7? := /3 - 8 + 



(/3-<5,if) 



t 2 (ff 2 )-((/?-,5) 2 ) , (« 2 ) 



+ 



2r 2 



if. 



(1) (V 2 ) > ■ Moreover {rj 2 ) = if and only if (1) (if 2 ) = or (ii) t = and ((/3 - 8) 2 ) = 

(2) (/? — 8, if)(r?, if') > /or if' G Amp(A) R which is sufficiently close to if. 
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Proof. (1) 



t 2 (H 2 )~(((3~S) 2 ) , (v 2 )\ , (tf 2 ) /^(if 3 ) -((£-*)*) , («y 



2 2r 2 y (/3 - (5, iJ) 2 V 2 2r 2 



(3.14) =f 2 (H 2, (g 2 ) A 2 (H 2 )-((/3-^) 2 ) , ^) 

k ; r 2 (f3-S,H) 2 \ 2 2r 2 

Moreover the equality holds if and only if (j3,H,t) satisfy (i) or (ii). 

(2) It is sufficient to prove (/3 - 5,H)(r],H) > 0. If (H 2 ) = 0, then [fi - 8,H)(r),H) = (P - 5,H) 2 > 0. 
Assume that (H 2 ) > 0. We set fi - 5 = sH + D (s E E, D 6 ff- 1 ). Then 

(3.15) (0 - <5, ffjfa, F) = J ((/? - J, i/) 2 - (H 2 )p 2 ) + t 2 (H 2 ) 2 + > . 



2 



Definition 3.10. We set 

F + (/) t £ ff* (I, Z) alg ® | a; e (x 2 ) > 0, (s, i? + (ff ,i)te) > 0}, 

(3.16) 

P + (^) k G H*(X, Z)^ g> fc | x e «\ (« 2 ) > 0, (x, ff + {Ho, S)q x ) > 0}, 

where k = Q, K and i? S Amp(X) Q . 
Proposition 3.11. We have a map 

,, 17 x 2: « -> C(F*(X,Z) alg ®R) 

1 j W:H,t) ^ t(P,H,t) 



□ 



whose image is C + := C(P + (w- L ) ffi ). Moreover iftH is ample, then £(/3,H,t) belongs to the interior of C + . 
Proof. An clement 

(3.18) u = i 1 +{i 1 ,5)ex+y{e s + ^ Qx ) etr L n#*(X,Z) alg 8>R 

satisfies (it 2 ) > and (it, if + (H,S)gx) > if and only if (?; 2 ) > y 2 ^pr- and (r],H) > 0. Wc first assume 
that y ^ 0. Wc set 2 := xH + D (x E M., D E H^) and 



(7± := ±4 



> 2 ) -r 2 (£> 2 ) 



r 2 (# 2 ) ' 

Then the conditions are x > a + if y > and ie < <r_ if y < 0. If y = 0, then the condition is (^ 2 ) > and 
(D, H) > 0, that is, n e Amp(X) R . 

We shall first prove that im(S) contains C + . By Lemma [3.81 we may assume that y ^ 0. We shall find 
(J3, H, t) such that (3 = 5 + sH + D, (s E M>o, D E H^) and H, t) = u. Wc set 

,s. 19 ) : = gKil±g±gMg!) 

Then <?(s,0) define continuous functions from (0, oo) to [<r+, oo) and from (— oo,0) to (— oo,ct_]. Hence we 
can take s£l with £(<5 + sH + D, H, 0) = u. If y = 0, then Lemma T3.8I implies that u G imH. Conversely 
for £((3,H,t), Lemma [3781 or Lemma [3~9l implies that £((3,H,t) E C + . Therefore the claim holds. □ 

Remark 3.12. If u in (|3~T8]) belongs to £Ppf,Z) a i g ® Q, then there is (P,H,t) such that E{f3,H,t) = u, 
P, H E NS(A)q and t 2 E Q: Indeed if u € H*(X,Z) a i g , then we may assume that H E NS(X)q. For 
gr(s, 0) € Q, we can take (s',tf) such that s',i' 2 <E Q and g(s',t') = g(s,0). Hence the claim holds. 

Proposition 3.13. {(3,H,t) E W Vl if and only if£(j3,H,t) Ev^Hv^. 

Proof. We note that (|1.5|) is written as 

\ -(£~rf3,H) -fa-r^H) J 

(3.20) { _ ef , + iifl eXfVa) \ 

\ -(£-r(3,H) -(H + (H,(3) Qx ,v 2 )J 

Hence the claim holds. □ 

n 



Proof of Proposition By Proposition 13.131 and Proposition 13. Ill it is sufficient to find the condition 
P + (v J -) R n v^- 7^ 0. We set 77 := (v 2 )vi — (v-y, v)v G v . Then Vi n v - 1 = rj 1 - n w . Since the signature of v 1 - 
is (l,rkNS(X)), the condition is (rj 2 ) < 0. Since 

(r 1 2 ) = (v 2 )((v 2 )(v 2 )-(v 1 ,v) 2 ), 

we get the claim. □ 

Definition 3.14. (1) A connected component D of P + (v ± )s. \ U Vl £sajW~ is a chamber. 
(2) D(p, H, t) is a chamber such that £(/3, H, t) G D(/3, if, i). 



D(j3,H,t) consists of a; G P+(u- L ) R such that (£(/3, H,t),±vi) > implies (x, ±ui) > 0, that is, 
(eC9,iT,«),t;i><a?,«i) > 0. 

Proposition 3.15 (Q2J Prop. 4.3.2]). We /ke a general (J3,H,t). 

(1) If(/3',H',t') belongs to a chamber and W G Amp(X) Q; t' 2 G Q, /?' G NS(X) Q , then9 v ,pi,t>H>(€W',H',tf)) 
is an ample Q-divisor of Km> it >jji\(v). 

(2) We /ia?je a surjective map 



(3.21) ¥>(^,t) : « -> C(P+(^^)( W )) R ) 

^,H,t)((^, 0) : = K>o^,/3, t ff(e(/3', 0)- 
(3) Le£ C be a chamber in jj. XTien H(C) is i/ie chamber D(J3', H', t') ((/?', -ff 7 , i') G C) m C + and 



Proo/. (1) We write /?' = s'iT + D' + 5 (£)' G H /_L ). In the notation of [15j sect. 4.3], we note that 
dpi = d$ +DI —rs' > if and only if dpi —r\ = ds+D 1 —r(s'+X) > 0, where A G R satisfies 4»(p> H')( el3 +XH ) = 
4>(p' .t' H'){ v )- Purturbing t' slightly, we may assume that A G Q. So the claim is a consequence of [151 Prop. 
4.3.2], if dp > 0. 

If dp < 0, then we apply [T5J Prop. 4.3.2] to Mrp jt m(—v). Since £ w for v is the same as that for — v and 
6-v,p,tH = -Q v ,0,tH, -Qy,p,tH (€u) is ample, which implies that dp8 Vt p !tH (€u) is ample. 
(2) 

Since 8 V: pjH '■ P + ( v± )m ~^ P + (K(p,tH)( v )) R is an isomorphism, the claim follows from Proposition 

Em 

(3) By (1) and (2), 9p t H,t(D((3, H,t)) is contained in Nef(if( l g )t jy)(v))ffi. Then the claim follows from 
[151 Cor. 4.3.3 (2)]. More precisely, we proved that £(/3', #',*') G P+(v j -)r n < n D(f3,H,t) gives a 
contraction under the assumption d^' > 0. For the case where dpi < 0, we get the claim by the same 
reduction in (1). We next treat the case where dpi = 0. If 7"i£ — r£i ^ 0, then W Vl does not contain the 
set dpi = by Lemma fl~4l (1). For a general point of W Vl , we can apply [HI Cor. 4.3.3 (2)]. Hence for any 
£(/3', £T, f) G P+(?J- L ) R n uj 1 - n D(P,H,t), 9 v ,p ttH (t(/3' , H' , t')) gives a contraction. 

If ri£ — r£i = 0, then W Vl is the set dpi — by Lemma fl~4l (1). In this case, Vt p,tH{£(/3' ,H' ', t')) gives a 
contraction. □ 

3.3. The movable cone of Ktp tt m(v). 

Definition 3.16. We set 



3/= 

(3.22) 



10 £ H*(X, Z) a i g is primitive, 
(w 2 ) = 0, (v, w) = k 



3 := (J 

By the classification of walls in [TJ], the following is obvious. 
Lemma 3.17. For v% G 3i and w% G 22} with w\ £ Zvy, C\ C\ P + (v j ~)k = 0. 

Proof. If Tjj 1 - n wf- n P+(v- l )r 7^ 0, then we have £ G H* (X, Z) alg such that ^eufnwfn u- 1 and (£ 2 ) > 0. 
Since Vi G 3i, we have a decomposition u = lv\ + v-i where (vf) — 0, (vi,V2) = 1 and £ = (v 2 )/2. 
Then we have a decomposition £ = Z«i © Z«2 _L £. Since (£ 2 ) > 0, L is negative definite. We set 
wi := xvi + yv-2 + i] and u>2 '■= (i — x)v\ + (1 — y)v2 — r\ (x,y G Z, 77 G L). By replacing tui by 71)2 
if necessary, we may assume that y > 1. Since u>i G 2U, (w 2 ) > 0, (wf) > and (101,102) > 0. Thus 
we have 2xy + (n 2 ) > 0, 2(^ - x)(l - y) + (ry 2 ) > and y(£ - x) + x(l - y) - (?7 2 ) > 0. On the other 
hand, y(t - x) + x(l - y) - (?? 2 ) < y(£ - x) + x(l - y) + 2(1 - x)(l - y) = 1(2 - y) - x. If y > 2, then 
> — (?7 2 )/2 > implies that x > 0. Hence (w\,W2) < 0. If y = 1, then we have toi G Qv\. Therefore 

vi null nP+(7j- L ) R = 0. □ 
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Remark 3.18. For w G Jo, we have W w = Rw n P+(u J -) R . 

We also have the following result. 
Proposition 3.19. Assume that v is a primitive Mukai vector with £ := (v 2 )/2 > 4. For Vi,Wi G 3 2 with 

wi ivi, vf- n u>i n p+(u- l ) r = 0. 

Proof. If v^tlwin P+(w- l )r 7^ 0, we can take £ € H* {X 7 Z) a i g such that ^jifnwfn v 1 - and (£ 2 ) > 0. Wc 
set v 2 := w-fi and w 2 := if-Wi. Then v-£v 1 ,v-£w 1 G ? 1 nii 1 nff*(l,Z) alg . Since u 1 - nH*(X, Z) alg 
is negative definite, we have (v — ivi, v — lvi) 2 < ((v — £vi) 2 )({v — £uii) 2 ). Moreover if the equality holds, then 
v — lv\ — ±(u — £wi) by ((v — £v\) 2 ) = ((v — £wi) 2 ) = —2£. In this case, we have v± = w% or 2v = £(v\ +w±). 
By the primitivity of v and £ > 4, The latter case does not occur. Hence we have 

A£ 2 = ((v-£v 1 ) 2 )((v-£w 1 ) 2 ) 

(3 23) 

>(v-£v 1 ,v-£v 1 ) 2 = {£ 2 (v uWl ) -2£) 2 . 

Thus —21 < £ 2 {vi,wi) —2£< 2£, which implies that < £{v\,wx) < 4. Since £ > 4, this docs not occur. 
Therefore the claim holds. □ 

Remark 3.20. If rkNS(X) > 2, then 3 ^ if and only if #3 = 00. 

Definition 3.21. Let v be a primitive Mukai vector. For a primitive isotropic Mukai vector u with (v, u) = 
1, 2, we set d u := v — $£■ \ u. 

Lemma 3.22. Let u be an isotropic Mukai vector with (v, u) = 1, 2. 
(1) d u is a primitive vector with (d 2 ) = —(v 2 ). 

_L . 



(2) d u defines a reflection of the lattice v 

R u : v 1 - -> v 1 - 

(3-24) _ 2(d u ,x) j 

X (d„,d„) " 

Proof. (1) We set d u = kdi, k G Z. Then (v 2 ) = /c 2 (d 2 ) + 2k£j^(d 1 ,u) G 2fcZ. Hence u = fcdi + is 
divisible by k. By the primitivity of v, k = 1. (d 2 ) = — (w 2 ) is easy. 
(2) For 1 G d 1 , we have (d u ,x) = — j~^(x,u). Hence 

2 

i?„(x) = x+ -(x,u)d u G iP(X,Z) alg . 

(«, it) 

Obviously i?„ preserves the bilinear form. Therefore R u is an isometry of v . □ 

Proposition 3.23. Let v\ be an isotropic Mukai vector such that (v,v±) = 1. Then v = £v\ + v<i, where 
£ := (v 2 )/2, = and {vi,v 2 ) = 1. in t/ns case, we set F := M H (vi) and let $ : D(X) D(F) 
oe a Fourier-Mukai transform such that <5>{vi) = (0,0,-1) and 3>(t>2) = (1,0,0). Then the contravariant 
Fourier-Mukai transform := [1] o o Dy $ gives an isometry of H* {X , Z) a i g whose restriction to v 

Proof. We have a decomposition 

H*{X,Z) &l& = {1v x +1v 2 ) LL, 
where L is a lattice with $(L) = NS(F). Hence we see that ^(w) = w for w G L, ^(vi) = —vi and 
*&{v2) = —V2- Since v, d Vl G (Z«i + Zi^), we get the claim. □ 

Definition 3.24. Let W be a wall for u. Let (f3,H,t) be a point of and (f3',H',t') be a point in an 
adjacent chamber. Then we define the codimension of the wall W by 

(3.25) codimV^ := min { V(u ? ,w 3 ) - [ V (dimM P H (v,) s;i - (u 2 )) | + 1 > , 

where v = J2i v i arc decompositions of v such that 4>(p t tH)(. v ) = 4>(p,tH) ( v i) an d 4>(i3' ,t'H')( v i) > 4>(p',t'H') ( v j)i 
i < j. 

If codimM^ > 2, then the proof of [HI Prop. 4.2.5] implies that 

dim{E G M{p> jt > h>)(v) I P is not o-(p,w) -stable } < (w 2 ). 

Proposition 3.25. Let v be a primitive Mukai vector with (v 2 ) > 6. Let W be a wall for v and take 
{(3, H,t) €W such that (3 G NSpf ) Q and iJ G Amp(X) Q . 

(1) W is a codimension wall if and only ifW is defined by v\ such that v = lv\ +V2, (v 2 ) = = 0, 
( Vl ,v 2 ) = 1 and£= (v 2 )/2. 
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(2) We take (/3±,w±) from chambers separated by a codimension wall W. We may assume that 
<t>{fi+, u +){Ei) < <t>(p+, u+ )(E) for E 1 G M {M ( Vl ) and E G M (/3+iW+) (u). Then V , P± ,„ ± (£(/?, H, t)) 
give divisorial contractions. Let D± C M^ ± UJ± ^(v) are the exceptional divisors. Then D± are 
irreducible divisors such that (-D±)|if (/3± „ ±) 0) = ^^v,p±,uj±(d Vl ) G NS(-fC( | g ±jU± )(u)). 

Proof. (1) is a consequence of [H] Lem. 4.2.4 (2)]. Let $ : D(X) — > D(F) be the Fourier-Mukai transform 
in Proposition 13.231 By Q31 Prop. 4.1.5], $ induces an isomorphism M(p +iU+ )(v) -> Pic°(Y") x Hilby. 
By using the Hilbert-Chow morphism, we have a divisorial contraction M( i g + tlJ+ )(w) — > Pic°(Y") x Hilby — > 
Pic°(y) x S e Y. By using Lemma r3.261 we get the claim. Since Vy o $ gives an isomorphism Mm_ tU \{v) — > 
Pic°(T) x Hilb y by [H Prop. 4.1.5], we also get the claim. □ 

Lemma 3.26. Let v = (1,0,— t) be a primitive Mukai vector with I > 3. We set v\ = (0,0,-1) and 
v 2 = (1,0,0). Then d Vl = v — 2lv\ — (1,0,/). For the Hilbert-Chow morphism Hilb^- — > S l X, the exceptional 
divisor D is divisible by 2 and satisfies D\ Kh ^ = 2#„((1, 0, £)) = 29 v (d Vl ). 

Proposition 3.27. Let v be a primitive Mukai vector with (v 2 ) > 6. Let W be a wall for v and take 
(/3,H,t) G W such that (3 G NS(X) Q and H G Amp(X) Q . 

(1) W is a codimension 1 wall if and only if W is defined by Vi such that 

(i) v = v\ + v 2 , (vf) = 0, (v 2 ) > 0, (v, vi) = 2 and vi is primitive or 

(ii) v = vi + v 2 + v 3 , (vf) =0 (i = 1,2, 3), (vi,v 2 ) = (v 2 ,v 3 ) = (v 3 ,vi) = 1. 

For the second case, (v 2 ) = 6, W Vl and W V2 intersect transversely and (j3,H,t) G W Vl n W V2 . 

(2) Assume that (/3,H,t) belongs to exactly one wall W. We take (/3±,(J±) from chambers separated by 
a codimension 1 wall W. In the notation of (1), we may assume that 4>fp +! u + )(Ei) < 4>(p +l ui + )(E) 
for Ei G M (/3iW) (i>i) and E G M (0+ ^ +) {v). We set 

D+ ■= {E € M (0+iU+) (v) | Eom(E 1 ,E) ^0,E 1 € M (j8jU) («i)}, 
D_ := {E G M(fj_ M _)(v) | Hom(£,£i) # 0,E 1 G M (M ( Vl )}. 

Then 

(a) D± are non-empty and irreducible divisors. 

(b) (At) l^ ± ,o, ± )(") — ±^,fa,w±(rf«i) € NS(X( /3±jti;± )(?;)). In particular, D± are primitive. 

(c) 8v.p±.u±{£,{P,H,t)) gives contractions of D±. 

Proof. (1) The classification of codimension 1 walls in P~4] Lem. 4.2.4 (2), Prop. 4.2.5] imply that W is 
defined by V\ with the required properties. It is easy to see that V\,v 2 ,v 3 spans a lattice of rank 3 and 
Vi n i>2 = Z(t> 3 — v\ — v 2 ). Hence W V1 and W V2 intersect transversely. 

(2) D + = 9 V! p +:U+ (d Vl ) is a consequence of [2] Lem. 4.4.1] and Z)_ = —0 V! p_ >u _(d Vl ) follows from [TH 
Prop. 4.4.2]. By Lemma [37221 (1). D± are primitive. 

The non-emptyness and the contractability of D± are showed in the proof of JTSJ Cor. 4.3.3]. □ 

Remark 3.28. For the wall W in Propisition 13.271 we have an isomorphism / : Mrp u — > M( /3 _ 0J _){v) 
such that f*o0 v ,/3 + ,u> + — 8v.f)-,iu-°Rvi'- Indeed we have a map / as a birational map. We set cj + :=tH + . Then 
e ViP+ , u+ (€{p + ,H + ,t)) G NS(M (/ , +iW+) («)) is relatively ample over Pic°(X)xX. Smce0 v>p _ tU _(R vl ^(J3 + ,H + ,t))) G 
NS(A/( / 3_ U -)(v)) i s relatively ample over Pic°(X) x X, f is an isomorphism. For the wall W in Propisition 
13.251 we also have a similar isomorphism / by using Fourier-Mukai transform \1/ in Proposition 13 . 231 

The following results fit in the general result of Markman [9] on the movable cone of irreducible symplectic 
manifolds. 

Theorem 3.29. Let (X,H) be a polarized abelian surface X. Let v be a primitive Mukai vector with 
(v 2 ) > 6. We take {(3, H, t) G 3 \ U VlEW W Vl such that (3 G NS(X)q and tH G Amp(X) Q . 

(1) LetT>(f3,tH) be a connected component of P + (v~ L )ta\LI U £3U- L containing £(/3, H,t). Then 



(3-27) Mov{K mH) {v)) =0 ViPitH <p(p,tH)). 



Moreover 9 v ,p ttH (H m (X, Z)^ n V(fi,tH)) C Mov(K ( p itH) (v)) q . 
(2) For a general x G Mov(K'( | g jt m(«))Q of the boundary defined by (x,u) = (u G 0„(x) defines 
a divisorial contraction. The exceptional divisor is primitive in NS(Krp tt jj\(v)), if u G 3 2 and the 
exceptional divisor is divisible by 2 in NS(K^ itH ^(v)), if u G 3\. 

Proof. (1) We note that 



(3-28) Mov(K^ tH) (v)) R C C(P+(^, tff) (t;)) R ) = ^, tff (P+K) R ) 



and 

(J D(/3',H',t') =V{fi~tS). 

Assume that ([3',t'H') £ T>(/3,tH). Since there is no wall of codimension 0,1, we have a natural birational 
identification K(p t tH){v) ■ • • — > K(0',u')( v ) with an identification NS(K^ it H)(v)) — > NS(/\( ( g/ w /) (w)). Hence 

U 0v,p,t H (D(P\ H',t')) C Mov(jr (/Jiti0 («))» 

and 

e vAm W,tH))= (J 9 v ,fi,tHW,H',V)) C Mov(if (AiH) ( V )) K . 

(P',t'H')&V(p,tH) 

Assume that ((3',t'H r ) g V((3,tH). We set r? x := x£(/3',H',t') + (1 - x)£((3,H,t) (x £ [0,1]). If 
9 v .j3,tH{£,{P' ,H' ,t')) is movable, then := v> p,tH(Vx) is movable for < x < 1. We take an adjacent 
wall u- 1 (u € 3) of T>(P,tH) separating £(/3',H',t') and £(/?,#,*). Then we find x G Q n (0, 1) such that 
(r/ Xo ,u) = 0. Then v ^ t tH{Vx o ) gives a divisorial contraction. Let C be a general curve contracted by Z^. 
Since Li = 6 V) p t tH{£(fi':H',1f)) is movable, we may assume that C is not containd in its base locus. Then 
(L±,C) > 0. Since (Lq,C) > 0, we have (L Xa ,C) > 0, which is a contradiction. Hence v ^ :t H{£,{P\H\t')) 
is not movable. 

Assume that x £ H*(X, Z) a i g belongs to T)(/3,tH). If (x 2 ) > 0, then there are finitely many walls in a 
neighborhood of x. Hence we can take Xi,X2 £ P + (v ± )q such that Xi S T>(j3,tH), x 2 belongs to another 
chamber T>(/3' ,t' H') and the segment connecting xi,X2 passes x. Then 9 v ^^h{x) is nef and big, and gives 
a divisorial contraction. In particular, 9 V) /3^h{x) £ Mov(K^ it H)(v))q- 

If (x 2 ) = 0, then see Proposition 13.361 Therefore (1) holds. 

(2) is a consequence of Proposition 13.251 and 14 . 1 31 □ 



Remark 3.30. For u £ 3o, u 1 - is a tangent of P + (v ± ) R . 

Corollary 3.31. Keep notations in Theorem \3.29\ Let (M,L) be a pair of holomorphic symplectic manifold 
M and an ample divisor L on M . If M is birationaly equivalent to K(p t tn) {v), then there is a pair (/3', t' H') £ 
T>(f3,tH) such that M = K^i t iH')(v) and R>o£ corresponds to WL > o9 Vj p t u(£(/3' , H', t')). 

Proof. We have a birational map / : M — s- Ktp it H)(v) with an isomorphism /» : NS(M) — > NS(.K7g tm(v)). 
Then /»(£) g Mov(if ((3 , tH) )Q. We take (/3',H',t') £ Sj such that /„(£) G R >0 6 Vt p t t H (£(/3' , H', t')) and 
/3', H' £ NS(X)q (see Remark l3~T2|) . For the birational map g : K(p jtH )(v) -> K { ^_ t , H ,)(v), V := (go /)«(£) 
is ample. We note that 50/ induces an isomorphism 

© n >o# (M,(9 M (nL)) - ©„>otf (iVw>°*c^Ho( nL '))- 
Then the ampleness of L and L' imply that g o / : M — > K(p' .t'H') is an isomorphism. □ 

Corollary 3.32. ifeep notations in Theorem \3.29\ 

(1) Assume that 3\ = 3-2 = 0, that is, 

(3.29) min{(u, 10) > | (w 2 ) = 0} > 3. 
Then 

V(f3,tH)=P+(v ± ) R . 
In particular, Mov(K {f ^ tH) (v))Q = P+(K(p ttH )(v)) Q . 

(2) Assume that 3± = and DT 2 7^ 0; that is, 

(3.30) min{(w, w) > | (w 2 ) = 0} = 2. 

for every divisorial contraction from a birational model of Ktp t tm(v)> the exceptional divisor is 
primitive in NS(Km ; tH\(v)). 

(3) Assume that 3\ ^ 0, that is, 

(3.31) mm{(v,w) > | (w 2 ) = 0} = 1. 

Then there is a divisorial contraction from a birational model of K(p,tH)(v) such that the exceptional 
divisor is a prime divisor and divisible by 2 in NS(Ktp t tm(v))- 



Let us study the structure of walls in a neighborhood of a rational point of P + (v- L )- BL \ P + (v ± ) R . Let A 
be a compact subset of P + (w ± )r and u an isotropic Mukai vector in the boundary of P + (v- L )- R . Let uA be 
the cone spanned by u and A. We note that Wa '■= {v\ £ 2B | A n v^- ^ 0} is a finite set. We fix a point 
a £ A which does not lie on any wall and assume that there is no wall between u and a (cf. Remark I3.35[) . 

Lemma 3.33. v\ £ 2H satisfies n uA ^ z/ and only if n (A U {u}) 7^ 0. 
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Proof. Assume that w € vi PI it A Wc take 10' £ A such that to belongs to the segment uw' connecting u 
and w' . Assume that (i>i,w) 7^ 0. If t>i PI A = 0, then (vi,u)(vi,w') < 0. Since there is no wall between u 
and a, we have (ui , u) (v\ , a) > 0. Then w' and a are separated by the hyperplane uj - . Therefore there is a 
point x G A with x € vi, which is a contradiction. Hence vi P\ A (i). □ 

Proposition 3.34. (1) {vi G 2» | vi C (mA \ {«}) 7^ 0} ?s a finite set. 

(2) There is an open neighborhood of u such that {v\ G 2B | tif fl [/ fl (itA \ {it}) 7^ 0} G it -1 . In 
particular the set of walls is finite in U D uA and all walls pass the point u. 

Proof. By Lemma [3331 {«i e QU | n (uA \ {u}) ^ 0} c 2Ua- Hence (1) holds. (2) easily follow from 
(1). □ 

Remark 3.35. Assume that e* 3 satisfies (e' 3 , u) = 0. Then we can set v = re^ + £ + (£, (i)gx- We set 

B := {ui G 2U I e' 3 G U^}. 

For vi G B, we can set V\ := r 1 e' 3 + £1 + (£i,(3)qx- Since v 2 ■= v — v\ G B, we also set v 2 := r 2 e' 3 + £2 + 
(&,I3)qx- Since < (i>i,i>2) = (^1,^2); £1 7^ and £2 7^ 0. If (/3,u)') belongs to the wall defined by v\, then 
(£2) ^ implies that both of n£i and n^2 are effective, or both of — n£i and — n^2 are effective, where 
n is the denominator of j3. In particular, |(£i,B)| < |(£, H)\ for all ample divisor H. Then we also see that 
the set of £1 is finite. 

If ri = r W , then |ri| < |r|. Therefore 

B' := {ui G B I (n£ -r^,H) = for some # G Amp(A) Q } 

is a finite set. Wc take H G Amp(A) Q such that (H,n£ - rfi) 7^ for all vi G B'. Then (P,H,t) (t < 1) 
belongs to a chamber. 



Proposition 3.36. Let u be a primitive and isotropic Mukai vector with u G P+(u- L ) R . FFe tofce (/3, B, t) G 
f) \ UtjjgaijWtjj such that B, i) and u are not separated by a wall. Then 9 v ^ t tti{u) gives a Lagrangian 
fibratwn K ( ^ tH) (v) -> P^ 2 )/ 2 " 1 . 

Proof. We take a Fourier-Mukai transform $ : D(A) — > D(A) such that rk$(u) 7^ 0. Since $ induces an 
isomorphism M(p ttH )(v) — > Mrp litlHl \(v) with E>o$(^(/3i, ti)) = M>o£(/3, B, i), we may assume that 
rkw 7^ 0. Then we have it = re^ with r ^ 0. We take w G 3o such that cx(w)/ rkw = /?', rku; > . We set 
Y := Mh(w) and let E be the universal family as twisted objects. Then we have (twisted) Fourier-Mukai 
transforms $ x J%r : D(X) -> D a (Y), where a are suitable 2-cocycles of O y defining E v and k = 1 for 

(5-/3', B) > 0, fc = 2 for (<5-/3', B) < 0. We set v' = $^y( v )- Sincc (A s ) docs not lie on an y wal1 for 
s > I, we have 3 £fj\(v') — M~(v') for s > 1. Thus wc get an isomorphism M^ tH ^(v) — > M~(v') with 
ikv' = 0. We note that the scheme-theoretic support Div(£') of a purely I-dimcnsional sheaf is well-defined 
even for a twisted sheaf. Hence we have a morphism / : M~(v') — > Hilb^ by sending E G M~(v') to 
Div(iJ), where Hilby is the Hilbcrt scheme of effective divisors D on Y with 77 = c\(D). For a smooth 
divisor D, f~ 1 {D) = Pic°(D). Hence / is dominant, which implies / is surjective. Therefore we get a 
surjective morphism M^ jt u)(v) — > Hilby. Combining with the properties of the albanese map, we have a 
commutative diagram: 

M i0 , tH) (v) ► Hilb£ 

(3.32) 

Pic (A) x X > Pic°(F) 

Hence we get a morphism K^ tH -j(v) —> ¥(H (Y,O(D))), where D G Hilby. Then we see that 9 Vi p^h{u) 
comes from ¥(H (Y,O(D))). Thus 9 Vj p it jj(u) gives a Lagrangian fibration. □ 

3.4. The birational classes of the moduli spaces of rank 1 sheaves. 

Proposition 3.37. Let (X,H) be a polarized abelian surface. Let v = (r,£,a) be a Mukai vector such that 
r > and 2£ := (v 2 ) > 6. Then Mjj{v) is birationally equivalent to Pic°(y) x Hilby if and only if there is 
an isotropic Mukai vector w G H*(X, Z) a i g with (v,w) = 1, where Y is an abelian surface. 

Proof. If there is an isotropic Mukai vector w with (v, w) = 1, then Mjj(w) is a fine moduli space and the 
claim follows by [551 Cor. 0.3]. 

Conversely if Mh(v) is birationally equivalent to Pic°(y) x Hilby, then we have a birational map 
/ : Kh(v) —> Kh/(1,0,—£), where H' is an ample divisor on Y. Then we have an isomorphism /» : 
NS(Kh(v)) — > NS(Ku' (1, 0, —£)). By the isomorphism /*, the movable cones are isomorphic. By Thoerem 
Oil 3, ^ 0. □ 
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Remark 3.38. Proposition 13.371 also follows from (T2J Lem. 4.9]. Indeed they characterize the generalized 
Kummer variety in terms of the class of the stably prime exceptional divisor 5 such that 25 should corresponds 
to the diagonal divisor. It implies the existence of an isotropic vector w in Proposition 13.371 

Remark 3.39. If 

(3.33) min{(u, w) > | (w 2 ) = 0} > 3, 

then Mh{v) is not birationally equivalent to any moduli space Mh> (V) on an abclian surface Y with rk v' = 2. 

The following result was conjecture by Mukai [19]. 

Corollary 3.40. Let (A, H) be a principally polarized abelian surface with NS(A) = ZH . Let v = (r, dH, a) 
be a Mukai vector with £ := d 2 — ra > 3. Then Mh{v) is birationally equivalent to X x Hilb^ if and only if 
the quadratic equation rx 2 + 2dxy + ay 2 = ±1 has an integer valued solution. 

Indeed primitive isotropic Mukai vectors are described as w = ±(p , — pqH, q 2 ), p,q £ Z and (v,w) = 
=F(rg 2 + 2rpq + ap 2 ). Hence the claim follows from Proposition 13. 371 

3.5. Walls for X with rkNS(A) > 2. We shall show that there are many walls by using Fourier-Mukai 
transforms. We set 

(3.34) Q e := G NS(A) R | (C 2 ) = 21}. 

Lemma 3.41. We set v = (r, Co, a ) ( r 7^ 0) and £ := (v 2 )/2. An isotropic vector w £ H*(X, Z) a i g (g) R 
satisfies (w, v) = if and only if w = (rk w)e^°' r+ ^ with r£ G Qi or w = (0,C, (CiCo)/?") with (C 2 ) = 0. 

Proof. Assume that rkw ^ and set w = (rkw)e^°^ r+ ^ . Since v = re^°/ r — ^gx, the condition is = 
( e Wr+f )W ) = - r (£ 2 )/2 + e/r. Thus rC £ Q e . 

If rkw = 0, then we set w — e£°/ r (0,C, a) with (£ 2 ) = 0. Then the condition is a = 0, which implies 
w = (P,Z,(Z>to)/r). □ 

Lemma 3.42. Assume that rkNS(A) > 2. For Co £ NS(X) and an ample divisor C, there is Ci £ NS(X) 
such that = Co + r(*£ + rj) (k > -{n 2 ), T} £ NS(X)) and ^/2£/ ((f) # Q. 

Proof. We take an integer ki > such that ((Co + rk^) 2 ) > 0. If y/2l((£ + rk^) 2 ) <£ Z, then Co + rfciC 
satisfies the claim. Assume that a := v / 2£((£ + rk x £,) 2 ) £ Z. We take n £ NS(X) with (77, (£ + rfcif )) = 0. 
Then a := (rfc 2 + l)(Co + rfeiC) - rr/ satisfies 2£(C 2 ) = (rfc 2 + l) 2 a 2 + 2^(?y 2 ). If 2i(£ 2 ) = x 2 , x £ Z, then 
-2^(r/ 2 ) = ((rk 2 + l)a-x)((rk 2 + l)a+x) > (rk 2 + l)a. Hence for k 2 > 0, y/2t/{gi) = y/Wg) I {£) £ Q- D 

Proposition 3.43. Assume that rkNS(A) > 2. For u = (r, Co, a) with (v 2 ) = 21, if i> r, then Uuewu 1 - 
contains P + (v ± ) R \ P + (v~ l )m. 

Proof. Since t > r, u := (0,0, —1) satisfies (|1.2[) and (jl.4[) . Hence u defines a non-empty wall it- 1 . 

We shall use Lemma T3.41I to show the claim. For r£ £ Qg, we take a primitive and ample divisor H such 
that dff = Co + r(/c£ + 77) (fc > 0) and y/2£/{H 2 ) Q. Then lim*^ y/2£/(H 2 )H = ^/2£/(C 2 )C = r£. We 
set 1/ := Z©Z77©Zojf. For u' := ve k ^ +v = (r,dH,a r ) £ L, Lemma [2~7l implies we have an auto-equivalence 
$ of D(X) such that $(w) = v and $, L is of infinite order. Then e ( d ±V 2f /( H2 » H / r £ \j neZ <$> n ( u )^ . We 
set \P := e -( fc ?+'?)(I>e fe £ + ' ) g Eq(D(X),u), where Eq(D(X),u) is the set of autoequivalences of D(A) fixing 
v. Since (d ± y/2i/(H 2 ))H = Co ± y/2£/(H 2 )H + r(fcC + r?), e (?o±v /2£ /(« 2 ) ff )/'' g u„ eZ *"(u) J -. Hence 

e^ o/r+ ^ G Uj>gEq(D(X ), t Q$H ± - 

For C G Amp (A) with (C 2 ) = 0, we have (0, C, (C, Co)A) G (0, 0, -1)^. Therefore the claim holds. □ 

Lemma 3.44. Assume that V\ defines a wall for v. Then ((v 2 ) + (v 2 ))/2 > (v,vi) > (v 2 ). In particular, 
(v 2 ) > (v,vi) > (v 2 ). 

Proof. Since (v — Vj_,Vi) > 0, we have (v,Vi) > (v\). Since < ((v — «i) 2 ) = (v 2 ) + (vf) — 2(v,Vi), we get 
the first claim. Then we have (v 2 ) > (v 2 ), which implies the second claim. □ 

Lemma 3.45. Let X be an abelian surface with NS(A) = 7LH _L L, where H is an ample divisor and L is 
a negative definite lattice. Assume that (H 2 ) = 2£(4£ra + 1), r, a £ Z>o- We set v := (2£r, H,2£a). Then 
(v 2 ) = (H 2 ) — 8£ 2 ra = 2£ and there is no wall for v. 

Proof. We note that (v, w) £ 2£Z for all w £ H*(X,Z) a \ s . By Lemma T3.441 there is no wall for v. □ 

Remark 3.46. If ^(v 2 )(H 2 ) = 2£y/A£ra + 1 g Q or rkNS(A) > 2, then there are infinitely many auto- 
equivalences of D(A) preserving v. 
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Proposition 3.47. Assume that rkNS(A) > 2 or \J (v 2 ) / (H 2 ) Q. If there is no wall for v, then 
Aut(My(v)) contains an automorphism of infinite order. 

Proof. We may assume that v = (r, £, a), where £ is ample. We take g <E Stabo(f)* of infinite order. 
Then there is an autocquivalence $ of D(A) which induces g. Then $ induces an isomorphism Mjj(v) — > 
Mh(v). □ 

If M(p tH }(v) is birationally equivalent to M^f(l,0,— £), we can get a more precise description of the 
stabilizer group. Since there is an auto-equivalence $ : D(X) — > D(A) with = (1,0, —£), it is sufficient 
to treat the case v = (1, 0, —£). 

Proposition 3.48. We set v = (1, 0, -I). 

(1) A Fourier-Mukai transform $ : D(Y) — > D(X) wi£/i i/ie condition $((1, 0, — £)) = (1,0, —£) corre- 
sponds to a decomposition 

(3.35) v = lu\ + u 2 , (u 1 ,u 2 ) = 1, (%) = (u 2 ) = 0, 

where u\ = <&(— oy) and U2 = $(i)(Oy)). 

(2) For i/ie decomposition (|3.35[) . one of the following holds. 

(i) Ui = (p 2 s,pq£,q 2 t) and u 2 — — {q 2 t, £pq£ il £ 2 p 2 s) , where p,q,s,t <= Z satisfy £sp 2 — tq 2 = 1 and 
£ is a primitive divisor with (£ 2 ) = 2st > 0. 

(ii) £ = \, Ul = (0,C,-1), (£ 2 ) = andu 2 = (1,-^,0). 

(3) For the case (i) of (2), ift=l, then Y = X . 

Proof. (1) Since v = l{— gy) + v(Oy), we have v = $(u) = £$(— gy) + v(Oy). Since gy and v{Oy) are 
isotropic vector with (— gy, v(Oy)) = 1, we get the decomposition (|3.35[) . Conversely for the decomposition 
(13.351) . we have an equivalence $ : D(F) — > D(X) such that u\ = $(— gy) and «2 = $(«(Oy)), where 
Y = A/#(±ui) and ii is an ample divisor on X. 

(2) We first assume that rk«i ^ 0. We set u\ = (px,pq£, y), where £ S NS(AT) is primitive and gcd(x, <j£) = 
1. Since u\ is primitive, gcd(p, y) = 1. Assume that <? 2 (£ 2 ) 7^ 0. Then p 2 q 2 (£, 2 ) = 2pxy implies that p \ x 
and g 2 I y. So we write u\ = (p 2 s,pq£,q 2 t) with (£ 2 ) = 2st. Since 1 = (v,ui), we have p 2 s£ — q 2 t = 1. 
We set u 2 := v - £u±. Then u 2 = (1 - £sp 2 , -£pq£, -£{1 + q 2 t)) = -(q 2 t 1 £pq^£ 2 p 2 s). If st < 0, then we 
have (p 2 s£, q 2 t) = (1, 0) or (p 2 s£, q 2 t) = (0, —1). Since rkui 7^ 0, we have p 2 — s = £ = 1 and q = 0. Since 
9 2 (£ 2 ) 7^ 0j this case does not occur. Therefore st > 0. 

If q 2 (£, 2 ) = 0, then y = and p = ±1. Hence ui = ±(x, g£,0). Since 1 = (v,ui) = ±£x, x — ±1 and 
£ = 1. If q = 0, then ui = (1,0,0) and fits in the case (i), where we exchage u\ and u 2 . If (£ 2 ) = 0, then 
u 2 = (0, — q£, —1) and fits in the case (ii). 

We next assume that rkui = 0. We set u\ = (0,£, y). Then 1 = {v,u\) = —ij. Hence u\ = (0,£, — 1) with 

(e) = 0. 

(3) If (£ 2 ) = 2s, then Lemma \2 . 5 1 implies the claim. □ 
Remark 3.49. For case (i), s,t > if and only if £ € Amp(X). 

Remark 3.50. In [22], the condition v = tu\ + u 2 with {u\,u 2 ) = 1, (u 2 ) = (u 2 ) = is called numerical 
equation and plays important role for the study of stable sheaves. 

For m £ Q, we set 

(3.36) Qi,m ■= {£ e NS(A) K I £ g V^NS(A) Q , (£ 2 ) = 21}. 



Qi,m = Qe.m' if and only if y/m £ Qy/rn/. For £ € <5^,m, we take an ample divisor if with Q£ (HNS(A) = ZH. 
If p 2 £(H 2 )/2 — q 2 = 1 has an integral solution (p,q), then there is an auto-equivalencve $ in Proposition 
13.481 In particular, if s/m £ Q, then there arc infitetely many $ in Proposition ^. 481 

Lemma 3.51. (1) Each Qi. m is a dense or empty subset of Qg. 
(2) U ^ m Qi, m is dense in Q e . 



Proof. (1) Assume that Qe.m ^ 0- We take £ & Qe,m and set rjo := £,o/\/m. For £ g Qf, we set in := 
(£ — ^o)/\/rn& NS(A)q. Then we havet(t(u 2 ) + 2(?/ ,w)) = 0. If (u 2 ) = 0, then t(r? , u) = 0. Since (jflj) > 0, 
we see that to = 0. Thus £ = £ - So we may assume that (u 2 ) 7^ 0. Then we see that t = — 2(770, u)/{u 2 ) and 



Therefore Q^.m is dense in Qe. 

(2) is a consequence of Lemma T3. 421 and (1). □ 
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4. The case where rkNSpf) = 1. 



4.1. The walls and chambers on the (s,i)-plane. From now on, let X be an abelian surface such that 
NS(AT) = Z, where H is an ample generator. We set (H 2 ) = 2n. Let H := {(s,t) | t > 0} be the upper 
half planr and H := {(s,t) \ t > 0} its closure. We identify NS(X) R x C(Amp(A%) x R> with H via 
(sH,H,t) n- (s,t). We shall study the set of walls. 

Lemma 4.1 ([8], [23l Cor. 4.9]). If y/ijn £ Q, there are finitely many chamber. 
By this lemma, it is sufficient to treat the case where y/l/n £ Q. 

Proposition 4.2. Assume that n < 4. Let v := (r, d-ff, a) be a primitive Mukai vector with (v 2 ) > 0. Then 
there is an isometry $ of H*(X, Z) alg = Z® 3 such that $(v) = (r',d'H 7 a') with r'a' < 0. 

Proof. We may assume that r ^ 0. Replacing v by —v, we may assume that r > 0. By the action of e mH , 
we may assume that |d| < r/2. Since d 2 n — ra > 0, we have n/4 > (d/r) 2 n > a/r. By our assumption, we 
have a < r. If a > 0, then we apply the isometry £ : (r, d-ff, a) i— > (a, —dH, r). Applying the same arguments 
to £(v), we finally get an isometry $ such that $(w) = (r', d'i/, a') with r'a' < 0. □ 

Corollary 4.3. Assume that n < 4. Lei w := {r,dH,a) be a primitive Mukai vector with (v 2 ) > 0. If 
\J l/n ^ Q, i/ien i/iere are infinitely many isotropic Mukai vectors u such that (u, v) > and ((u — u) 2 ) > 0. 
In particular, there are infinitely many walls for v. 

Proof. We first show that there is a Mukai vector u satisfying the requirements. We may assume that ra < 0. 
If ra = 0, then (v 2 ) = d 2 (H 2 ). Hence ra < 0. Then u = (0,0, 1) or (0,0, —1) satisfies the requirements. 

Since y/l/n £ Q, Stabo(w)* contains an element g of infinite order. Then g n (u) (n S Z) also satisfies the 
requirements. □ 

Remark 4.4. The condition (H 2 ) < 8 in Corollary 14. 31 is necessary by Lemma T3.45I 

4.2. An example. Assume that n := (H 2 )/2 = 1. We set w := (2,H,-2). Then £ := (w 2 )/2 = 5. We set 

<«) >■- (!!)■*-(! "o 1 

In this case, we have 

Stabo(w) ={±ff" | ne Z}, 
(4.2) Stab(w) =Stab (u) x (ft), 

h- l gh = -g-\ 



Let Co is a line defined by 
(4.3) 

It is the wall defined by vq := (0,0, —1). Let C_i is a circle defined by 



1 

S= 2- 



(4.4) t 2 + s(s + 2)=0. 

It is the wall defined by V-i := (1, 0, 0) = vo ■ g^ 1 . We set v n := vo ■ g n and let C n be the wall defined by v n . 
Lemma 4.5. {C n | n G Z} is ifte sei o/ wa/Zs /or w. 

Proof. It is sufficient to prove that there is no wall between C_i and Co. If a Mukai vector u> := (r', d'iJ, a') 
defines a wall for v and the wall W w lies between C_i and C . Since C_i passes (0,0), W w intersects with 
the line s = 0. Hence we get d', 1 — d' > 0, which is a contradiction. □ 

Proposition 4.6. (1) For (a,*) £ U„ eZ C„, M {sIim {2,H,-2) S M H (2,H,-2). 

(2) Fei (r, di?, a) 6e a primitive Mukai vector such that 2 | r, 2 | a and d 2 — ra = 5. F/ien Mjj(r, di7, a) = 
Mif(2,ff,-2). 

Froo/. (1) Let C be the chamber between C and C_ x . Then U„ eZ 3™(C) = H \ U„ eZ C„. Let * : D(AT) -> 
D(AT) be a contravariant Fourier-Mukai transform inducing g. Since ^ preserves the stability, the claim 
holds. 

(2) By the action of GL(2, Z), w := (r, dH, a) is transformed to (1, 0, -5) or (2, H, -2) ( [22j Prop. 7.12]). 
Since 2 | (w,u) for all u G H*(X, Z) a i g , := (r,dH,a) is transformed to (2,77, —2). Then the claim follows 
from (1). □ 
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4.3. Divisors on the moduli spaces M^ s jj t ^(v). 

Definition 4.7. Let v = (r, dH, a) be a Mukai vector with r > and set I :~ (v 2 ) /2 = d 2 n — ra. We set 

r r V n 

Lemma 4.8. We take g € Stabo(u)* such that the order is infinite. Then (s±,0) are the fixed points of the 
action of g on (s,t)-plane. In particular, if there is a wall, then (s±,0) are the accumulation points of the 
set of walls. 

We set (/3,w) := (sH,tH). Then v = (r,dH,a) is written as 

v = re? + dp(H + (J3, H)g x ) + apg x , 

where 

dp =d — rs, 

( 4 - 5 ) « (0 2 ) 

a =-(e?,v)=a-(dH,p) + ^-r. 

Definition 4.9. We set 

(4.6) £(s, t) := £(sH, H, t) = (r(s 2 + t 2 )n - a) (h + ^QxJ - 2n(d - rs) (l - ®g x 
Assume that (s, t) lies on the circle 

(4.7) C v , x ■ t 2 + (s - A) ( s - — — - (xd- -) ] = 0, A e R, 



r 



rX — d \ n 
that is, M.Z( sHitH ) (v) = RZ {sHJH) (e XH ). Then we see that 

/ . „n x / , % ( rX 2 n — a ( Tr 2dn \ „ / a 

(4.8) £(s,t) = (d-rs) { d rX ( H +—Qx)-2n(l--Qx 

Thus R>o£(s,i) is determined by A. If 

C V , X = {(«,*) | RZ (sH!t H)(v) = RZ (sH ,tH)(Vl)}, 

that is, C u ,a is the wall defined by a Mukai vector vi := (r 1 ,d 1 H,a 1 ), then rX ^~ x a = € Q. Thus 

C(s,t)/(d-rs)€H*(X,Q) lils . 

Lemma 4.10. 

(4.9) as.,°)=2('-±n d -JI) (M + ^l tx )±2nJI(l-"- ex 

\r r V n I \ r ) V n \ r 

and satisfy (£(s±,0) 2 ) = 0. Thus £(s±,0) define isotropic vectors in v 1 - C H* (X,Z) a \ g <S) R. 
Proof. 

(C(s±,0) 2 ) =4 f -± n -^ (2n)+4fe— T 8 f -±n-^ V^£-(2n) 
\r r V n / r \ r r \ n I r 



(4.10) 



/ £ d £\ £ d £ \ fn , „. 2a 
=4 - ± n -\ - - =fn-\ - (2n) + A£n— 
\r r \ n I \r r V n I r 

=4-2 (2n) - 4n^-£(2n) + 4£n— 



/ , . ,, £ 



=4^2 - d 2 n)(2n) + 4-^(ra)(2ra) = 0. 
Therefore we get the claim. □ 

Proposition 13. 151 is written as follows. 
Proposition 4.11. (1) If (s,t) belongs to a chamber and s,t 2 £ Q, then £(s, t) is an ample Q-divisor 

of ' K(sH,tH)(v)- 

(2) We have a bijective map 



(4.11) <P : [8-, 8+] -> C(P+(A' (sJf . tJf) («)) R ) 

<p(\) :=R >O 0„(£(A,O)). 
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(3) Nef(K {sHttH) (v)) M = <p(D(sH,H,t)n[a-,a+]). 
Proof. (1) is obvious. (2) We note that /(A) := (r\ 2 n — a)/(d — rX) gives a bijective map 

/ : [*_, a+] -> - oo] U hoc, - 

and 

(J O,, A =R 2 \{( S „,0),( S+ ,0)}, 

Ae[s_,s + ] 

where we identify oo with — oo, A = d/r corresponds to ±oo and C Vj d/r is the- line s = d/r. Since C Vj \ PI 
[s_, s+] = {A}, [s_, s+] is the parameter space of C V) \. Since £(s, i) is determined by /(A), Proposition ^. 151 
implies </? is bijective. 

(3) is a consequence of Proposition I3T51 (1) and (2). □ 
4.4. The movable cone of K( S H.tH)i v )- 
Lemma 4.12. Let v be a Mukai vector with (v 2 ) = 21. 

(1) 3 7^ if and only if ^JTJn G Q. 

(2) Assume that yifn G" Q. Then 3k ^ if and only if jftk = oo. In this case, (s+, 0) and (s_ , 0) are 
t/ie accumulation points ofU W £3 k W w . 

Proof. Since x G H*(X,Z) a \ g ® R satisfies (a; 2 ) = (a;, u) = if and only if x G R£(s±,0). Hence (1) holds. 
By Proposition 12.31 Stabo(v) contains an element g of infinite order. Hence (2) is obvious. □ 

Proposition 4.13. Let v be a primitive Mukai vector with (v 2 ) > 6. Let W be a wall for v and take 
{P,u>) G W such that j3 G NS(X)q. Then W is a codimension 1 wall if and only if W is defined by V\ such 
that v = vi + V2, (v 2 ) = 0, (v, v%) = 2 and v\ is primitive. 

Proof. Since NS(AT) = ZH, there is no decomposition v = Ui + u 2 + u 3 such that (uf) = (i = 1, 2, 3) and 
(itj, Uj) = 1 (i ^ j). Then the classification of codimension 1 walls in [J31 Lem. 4.2.4 (2), Prop. 4.2.5] imply 
that W is defined by v\ with the required properties. □ 

Theorem 4.14. Let (X,H) be a polarized abelian surface X with NS(Af) = ZiT. Let v be a primitive Mukai 
vector with (v 2 ) > 6. Assume that \flfn (jL Q. 

(1) Assume that 3\ = 3 2 = 0> that is, 

(4.12) min{(w, w) > | (w 2 ) = 0} > 3. 

Then the movable cone of K( S H,tH)( v ) * s the same as the positive cone of K( S H,tH) (v). In this case, 
there is an action of birational automorphisms such that a fundamental domain is a cone spanned 
by rational vectors. 

(2) Assume that 3\ = and 3 2 ^ 0, that is, 

(4.13) min{(u, w) > | (w 2 ) = 0} = 2. 

Then the movable cone of K^ sH tH ^(v) is spanned by two vectors, which give divisorial contractions. 
Moreover the exceptional divisors are primitive in NS(K( sHtH )(v)). 

(3) Assume that 3\ ^ 0, that is, 

(4.14) min{(w, w) > | (w 2 ) = 0} = 1. 

Then the movable cone of K^HtH^v) is spanned by two vectors, which give divisorial contractions. 
Moreover one of the exceptional divisors is divisible by 2 in NS(i^( s ^f it jj) (v)). 

Proof. (1) 

Let $ : D(X) -> H(X) be a Fourier-Mukai transform preserving ±v. We set (s'H,t'H) := &((sH,tH)). 
Then we have an isomorphism $ : Mi sHtH \{v) — > M^ s i H t / H ^(v), which induces a birational map 

M( S H !tH )(v) M {s , H ^ H) {v) > M(sH,tH)(v). 

Since 6 V : v ~ > ^S(K^ S H,tH) ( v )) is compatible with respect to the action of 3>, we have an action of Stabo(i>)* 
on NS(Kr a jj jt m(v )). Since y/l/n £ Q, then Stabo(i>)* contains an element g of infinite order. Hence the 
claim holds. 

(2) and (3) are consequence of Corollary 13.321 □ 

Remark 4.15. By Lemma f3.45[ there are v satisfying (1). For v — (2,H,—2k), we have (v 2 ) = 2(n + 4fc) and 
case (2) holds, if \fljn £ Q. If rkw = 1, then case (3) holds. 

Proposition 4.16. Let v be a primitive Mukai vector with (v 2 ) > 6. Assume that \fljn G Q. 
(1) There is at most one isotropic Mukai vector v\ with (v,vi) = 1,2. 



(2) If there is a vector v\ of (1), then 

P + {^\ = Mov{K {sHm {v))n U R Vl (Mov{K {sIUH) (v) R ) 

and the two chambers are separated by d„ ■ 

(3) If there is no v ± of (1), then P+(z;- L ) R = Mov(if (sJ?ifcff ) (w))r. 

Proof. (1) Since J~lfn G Q, there are two isotropic Mukai vectors wi, u>2 such that 

{x e H 2 {X, Z) alg | (x, u) = (x 2 ) = 0} = Zwi U Zw 2 . 

Then v ® Q = Qu>i + Qu>2- We may assume that (wi,W2) < 0. Let ui be an isotropic Mukai vectors such 
that (v,vi) = 1,2. Since (v,d Vl ) — 0, we set d Vl := aw\ + bw2 (a, & S Q). Then we have 2ab{wi,W2) = 
— (v 2 ) < 0. By Lemma 13.221 f2). R Vl preserves {±wi,±w 2 }. Since R Vl (wi) = w\ — \{awi + bw 2 ) = — 
-R^i (wi) = ±W2- If -R^ (wi) = W2, then we have R Vl (u>i + W2) = »i + W2- Hence (d^j , wi + W2) = 0. Since 
((wi + W2) 2 ) = 2(wi 1 ui2) < and (d% ) < 0, v 1 - is negative definite, which is a contradiction. Therefore 
Rv 1 {wi) = —W%. Then we see that w\ — W2 G "Ld Vl . If (v,V2) = 2, then the primitivities of d Vl and d V2 
imply that d Vl = ±d V2 . If d Vl = —d V2 , then we see that v = ^x^(^j^y^i + (-u,^) ^2)- Since (v 2 ) > 6 and v 
is primitive, this case does not occur. Therefore d vi = d V2 , which implies that «i = v 2 - 

(2) and (3) are obvious. □ 

Remark 4.17. Theorem 14. 141 and Proposition 14.161 arc compatible with Oguiso's general results [21] Thm. 
1.31. 



5. Relations with Markman's results. 

In this section, we shall explain the relation between our results and Markman's general results [9], [10] . 
dj. 

Definition 5.1. Let M be an irreducible symplectic manifold and h an ample class. 

(1) An effective divisor E is prime exceptional, if E is reduced and irreducible of qM(E 2 ) < 0. 

(2) Let e € NS(M) be a primitive class, e is stably prime exceptional, if gAf(e,/i) > and there 
is a projective irreducible symplectic manifold M' , a parallel-transport operator g : H 2 (M,1) — > 
H 2 (M' , Z), and an integer k, such that fcg(e) is the class of a prime exceptional divisor E C A/'. 

Let Spe M be the set of stably prime exceptional divisors of M . Then Markman described the interior of 
the movable cone in terms of Spe M . 

Theorem 5.2 ([TUJ Prop. 1.8, Lcm. 6.22]). Let M be an irreducible symplectic manifold and Mov(M) the 
interior of 'Mov(w)r. Then 

(5.1) Mov(M) = {x e P + {M) I q M (x, e) > for all e e Spc M }. 

Let M be an irreducible symplectic manifold which is deformation equivalent to the generalized Kummcr 
variety ifff(l, 0, —t) of dimension 21 — 2. We shall explain the description of Spe M . For e € H 2 (M, Z) with 
9m (e 2 ) = —2^, we set 

divq M (e, ) := min{qju(e, x) > | x € NS(M)}. 
As an abstruct lattice, the cohomological Mukai lattice (B 2 =0 H 21, (X, Z) is independent of the choice of an 
abelian surface X. We denote this lattice by A. It is a direct sum of 4 copies of the hyperbolic lattice. Since 
M is deformation equivalent to -K#(l, 0, —£), by using a parallel-transport, we have a primitive embedding 
H 2 (M,Z) —> A. The 0(A)-orbit of the embedding is independent of the choice of a parallel-transport by 

Q-l 

similar claims to [TUl Thm. 9.3, Thm. 9.8]. For M = K H (v), it is the embedding H 2 (K H {v),Z) ^> v 1 - C 
H 2 *(X,Z) (fTUl Example 9.6]). Wc fix an embedding and regard H 2 (M,Z) as a sublattice of A. Let Zu be 
the orthogonal compliment of H 2 (M,Z) in A. Then (v 2 ) = 21. Since (v,e) =0, e ± u are isotropic. Wc 
define (p, c) € Z>o X Z>o by rcquireing that (e + v)/p and (e — v)/a are primitive and isotropic. We also 
set r := pj gcd(p, a) and s := er/ gcd(p, ct). If £ \ div (?M(e, ), then r and s are relatively prime integers with 
rs = £, 1/2,1 /A. We set rs(e) := {r,s}. 

Proposition 5.3 (|llj). Let M be an irreducible symplectic manifold of dim M = 21—2 which is deformation 
equivalent to Kh(1, 0, — £). 

(1) For e € Spe M , <?A/(e 2 ) = —21 and i \ divq M (e, ). 

(2) For e € H 2 (M, Z) wit/i <7M(e 2 ) = — 21 and i \ div(?M(e, ), the orbit of e of the monodromy group 
action is classified by rs{e) := {r, s} and div<7jv/(e, ). 
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For each value of {r, s} with rs £ {£, £/2,£/4}, the same examples in [5J sect. 10, 11] show that there are 
K H {v) with dimK H (v) = 2£ - 2 and e e NS(A' ff (u)) such that divg A/ (e, ) = £, 2£ and rs(e) = {r,s}. Then 
we also get the following description of Spe M . 

Proposition 5.4. Let M be an irreducible symplectic manifold of dim M = 2£ ~ 2 which is deformation 
equivalent to Kh{1, 0, —£) and h an ample divisor on M . A divisor e with qAi(e, e) = — 2£ and qM(e, h) > 
is stably prime exceptional if and only if 

(1) divq M (e, ) = 2£ and {r,s} = {1,1} or 

(2) divgM(e, ) = I and {r, s} is one of the following. 

(a) {r, s} = {2, £/2}, £ > 6, £ = 2 mod 4. 

(b) {r,s} = {!,£},£> 3, 2\£. 

(c) {r,s} = {\,£/2},£>2,2\£. 

If M = Kfg u -\(v) for some v, then we shall explain that the case (1) corresponds to the codimension 
wall u (u £ 3i) and the case (2) corresponds to the codimension 1 wall u (u £ 32)- 

(1) We first assume that u £ 3\. Since d u = v — 2£u, v + d u = 2(v — £u) and v — d u = 2£u. By the 
proof of Lemma 13.221 2£ | (d u , x) for x £ v . Since (v + d u ,u) =2, v + d u is primitive, which implies that 
{p, a} = {2, 2£}. Therefore {r, s} = {1, £}. 

(2) We next assume that u £ ^2- In this case, we have d u = v — £u. Thus v + d u = 2v~£u and v — d u = £u. 
The proof of Lemma 13.221 also implies that £ \ (d u ,x) for x £ v . We next compute {r, s}. We take w such 
that Zu + Zw is a saturated sublattice of H*(X, Z) a i g containing v. We set v = au + bw (a, b £ Z). Then 
v + d u = (2a — £)u + 2bw. We note that 2 = (v, u) — b(u, w). Thus b = ±1, ±2. H2\ £, then w+du is primitive, 
which implies that {,0,0-} = {1,£}. Assume that 2 | £. Then (u + d„)/2 = (a - £/2)u + bw £ F*(A,Z) a i g . 
If b = ±1, then (v + d u )/2 is primitive, which implies {p, <r} = {2,£}. If & = ±2, then the primitivity of v 
implies that 2 { a. If £ = 2 mod 4, then (v + d u )/4 g H*(X, Z) a i g is primitive, which implies {p, ct} = {4,£}. 
If £ = mod 4, then + d u )/2 is primitive, which implies {p, a} = {2, £}. Therefore {r, s} satisfies (a), (b) 
or (c). 
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